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In a previous paper the reaction field method has been extended to include polarization effects {1]. This has
been the basis for developing a consistent and fast scheme to be used in molecular dynamics simulations for
dealing with long-range dipolar forces and many-body polarization effects. The iterative procedure has been
found to be very convenient method to solve the electrostatic problem with a large number of induced dipoles
and charge interactions. Here we analize the stability and the precision of the iterative solution in molecular
dynamics runs, i.e. we study the capability of the algorithm to keep finite the errors on the evaluation of the
induced dipoles during the run, as well as we evaluate the mean standard error themself as a function of the
relevant free parameters of stable iterative procedures. The validity of the derived expressions has been tested
numerically by performing molecular dynamics runs with a plausible polarizable model for water.

KEY WORDS: Molecular dynamics, polarizable fluids, induced dipoles, polarizable water.

INTRODUCTION

Induced polarization effects have long been recognized to play an important role [2]
in the condensed phase of atoms or molecules with strong coulombic interactions.
Many-body effects are difficult to be treated exactly, so, in the computer simulations of
these liquids, the polarization contributions are taken into account only in an average
way. For example, the permanent dipole moment of the molecule in all non-polarizable
models for liquid water [2-6] is greater than the one of the isolated molecule (1.85
Debye). Indeed the charge distribution of these models gives rise to an effective dipole
moment which is about 20 per cent higher (about 2.2 Debye). At least in this case, the
assumption of pairwise additivity, i.e. that the potential energy can be expressed as
a sum of pair interactions, seems to be a crude approximation [7] from quantum
mechanical studies. Indeed about 10 per cent of the total intermolecular interaction
energy in a water trimer is estimated to arise from three-body interactions and we
expect that many-body effects contribute to a larger extent in the liquid. Therefore to
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condense in an effective dipole moment all many body interactions due to electron
cloud polarization does seem to be a very bad recipe, especially for studying fluid water
at different densities. Indeed, an undesired consequence of the use of a partial charge
distribution with an enhanced effective dipole moment is the strong dependence of the
potential parameters on thermodynamic state, hence the potential model suitable for
liquid water at standard conditions yields poor results when applied to calculate the virial
coefficients [ 3, 8] or the structure factor of the vapour [9]. Similarly, far from standard
conditions, different models give different results, as in the case of diffusion coefficient in
stretched water [10] obtained from simulations using the ST2 [4] or TIP4P [6] models.

In recent years a great effort has been devoted to the development of more realistic
potential models [11] suitable for reproducing fluid properties over a wide range of
conditions [12]. For this purpose it is important to take into account the molecular
polarizability, and special accelerating techniques for MD simulations have been
studied to deal with induced dipoles [13,14,1].

To take into account polarization effects, two different method can be used: the first
one is to solve the electrostatic problem; the second is to include the electronic degrees
of freedom in the equations of motion. In the latter method, various approaches have
been proposed. One one side, one can try to solve the Schrodinger equation for the
electrons [15]. In this case, the approach is surely very accurate, but it is possible, at the
present time, to handle only very small number of molecuies. On the other side fictious
masses and/or “springs” can be assigned to the electrons which undergo a classical (fast)
dynamics [16,17]. Here the number of molecules is not limited but, apart from the
arbitrariness of the fictious masses, the computing time is greatly increased by the small
time step needed to follow the fast electron dynamics.

As far as the methods of solving the electrostatic problem, a common point in all the
adopted procedures is the calculation of the induced dipoles starting from the local
electric field seen by a given molecule. The local electric field takes its origin from both
the static and induced multipoles of all the molecules, so the calculation of the induced
multipoles is a self consistent problem to be solved at each MD step. The solution of the
resulting (linear) system of equation can be faced in two different ways: by standard
direct methods, (e.g. by Gauss elimination) or by iterative methods. However, when the
number of linear equations is so large (3N, N being the number of molecules), an
iterative method is more attractive than a direct one [18].

In iterative methods, it is very important to choose a “good” starting point and to
determine the minimum number of iterations which assures the stability of the
procedure and the required precision in the induced multipoles. The aim of the present
paper is to give a recipe for establishing the level of stability and the precision of the
iterative method in the solution of the self-consistent electrostatic problem as a func-
tion of the initial guess and the number of iterations. The case of a polarizable water
model at room temperature will be examined as a test system.

THEORETICAL BACKGROUND

In this section we briefly recall the basic equations describing the electrostatic problem
in a fluid of polarizable molecules, as discussed in [ 1]. The system under investigation is
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constituted of “rigid molecules” having fixed sites with associated point charges (or
higher multipoles) and/or masses and/or non electrostatic interaction centres (Len-
nard-Jones or others). In addition a Buckingham like expansion is used to take into
account the induced electric dipoles in presence of local electric field [19]. As a first
term, an isotropic point polarizability is set at the molecular centre of mass (CM). The
electrostatic interaction energy of this system can be written as the sum of the
charge-charge contributions (U, ), which account for all the interactions between the
static multipoles, plus an induction term (U, ), which describes the effects due to the
induced dipoles [20,21]:

Uel = qu + Uind (1)
The induction energy can in turn be split into the sum of the induced dipole induced
dipole interactions (U ), the static multipole induced dipole interactions (U ), and the
self interaction energy (U.,), (i.e. the work done by the electric field to distort the
electron clouds and create the induced dipole moment):

Uind = Upp + qu + Uself (2)

with

NI'—‘

Z T(2) (3)

—- 2 by @)

ﬁl p—
Uself=2f Ej'dﬁj &)
i Jo

In these equation, p; stands for the induced dipole of the j-th molecule and E for the
local electric field seen at the CM; E is the sum of the field generated by the static
multipoles E® plus the field generated by the induced dipoles EP.

E;=E® +EP (6)
with
EP =Y T;p @
F#]

In the previous equations, T{? is the usual static dipole propagator

2
T® — 1 37,7, —1rj
T 4me, r

©®
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At each step of the MD run, one has to evaluate the induced dipoles p; consistent
with the values of Eg‘” due to a given distribution of the point multipoles. The induced
dipoles arise from the distortion of the electron clouds, whose dynamics is much faster
than the atomic dynamics followed by the MD integration step At. Therefore the
evaluation of p; can be performed in the adiabatic limit where p; is related only to the
local electric field seen by the molecular center of mass at the same time, i.e.

ﬁj=an )

The values of p; that satisfy simultaneously the set of Egs. (6-9) are the solution of
the electrostatic problem.

In order to simplify the notation, we can summarize the problem to be solved as
follows

ﬁﬂ=A"+Bﬂ.ﬁl (10)

where the index n refers to the n-th time-step. The molecular indices j,j” have been
omitted and the vector p has 3N dimensions, N being the number of molecules in the
system. The induced dipole moment p, = p(¢,) is the variable to be determined and

A,=4(,)=aE9(,)
(11)
B, = B(t,) = «T2(1,)

are constant quantities at the n-th time step and they are dependent on the positions
and orientations of the molecules of the sample.
The iterative solution of this problem is given by

PV =A,+B,p " (12

where i is the iteration counter. The iteration starts from an initial guess, say p'?, and it
is repeated a number of time, in order to get a good approximation to p,, the exact
solution of Eq. (10). The physical problem is well-posed (in absence of ferroelectric
behaviour), so the corresponding mathematical problem is convergent, p,= p'* at
every MD time step and the symmetric matrix B, has norm ||B, || < 1 [18]. However in
a computer simulation, it is convenient to keep the number of iteration as small as
possible. Therefore it is of great importance to start the iteration with a good initial
guess, rather close to the exact solution. For this purpose, the guess is calculated
through a Newton backward extrapolation scheme from the estimated solutions g at
the previous (equally spaced) time steps, i.e.

(a)_ Z ( )m+1<?:>ﬁiw_)m (13)

where € is the number of iteration used, M the number of time steps previously taken
into account in the extrapolation formula and (¥) stands for the binomial coefficient.
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As a consequence of the use of a finite number of iteration, the entire procedure may

become unstable; the aim of this work is just the study of the stability and precision
obtained by the procedure as a function of the parameters M and %.

STABILITY

It is easy to show that the error on the variable p, due to the truncation of the iteration
procedure after ¥ steps, i.e.

AP =py — b, (14)
is a linear function of how far from the exact solution we start the iteration procedure
5y = Ag(BY — Pp) = Ag* AP (15)

and that A, = [B,1°.
Indeed, if we apply one iteration to p 1) we have from Eq. (12)

P =4,+B,pF Y (16)
and subtracting p, = A, + B,"p,, we have:
Ap®¥ =B, -Ap*D (17
Therefore we have:
ApP=[B,)Ap P =...=[B,]“AF” (18)

It is worth noting that the matrix A, does not depend on M but only on the number
of iterations % and time step n. By inserting the expression of the initial guess p,
Eq.(13), in Eq. (15), we get

ARO= [ i(— tyn 1 (M )p;*’m ﬁ"] (19

With some algebra, this equation can be rewritten in term of the truncation errors at
the different steps

l M
Aﬁ;‘@)_A(g. Z (___ 1)m+l <m> (%’) _A@ Z ( 1)m+1< )P,, - (20)
m=1

Let it be G the unitary matrix which diagonalizes B, and A, so Dy =G A, G ! is
diagonal. If we denote with the letter ji the G transform of the induced dipole p (i.e.
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i, =G+p, and so on), the Eq. (20) can be transformed in

M M
A —D, ¥ (ﬂ)”'“(M)Aﬁi“ﬂﬁD«- ) (—U”“(M)ﬁn_,.- (21)
- m m=0 m

m=1

In this way Eq. (20) is reduced to 3N independent equations for the components (the
“error modes”) of the vector A u®. Let us call A(a), with @ = 1,..., 3N, the diagonal

n

elements of D, i.e. the eigenvalues of A, and A u{*)(a) the corresponding error modes,

n
then the 3 N scalar equations can be written as:

M M
AP =A@ X ()™ (m )Aﬂf-’m(a)

M
=@ £ -0 (Mo )

The RHS term-let us call it g,(a) in the following — can be considered as the non-
homogeneous part of the (non linear) finite difference equation of order M where n
is the independent variable. For the sake of brevity, later on we omit the mode index
a and the number of iteration ¥, so we rewrite the previous equation as:

M M
Ap,—2 Y (—1)“**(M)Aun_m=gn 23)

m=1

For each eigenvalue 4, the sequence A y,, solution of the previous equation, can be
divided as the sum of two term: a particular solution (which depend on the time
variation of g, and tell us that the “error mode” follows with some time delay the values
of g,) plus a solution of the homogeneous equation. For the study of the precision
both the terms are effective, but for the study of the stability only the solution of
the homogeneous equation,

M
Aﬂ,,_/{ Z (_ 1)m+l<?nl>Aun—m=0’ (24)
m=1

is important since the particular solution is not divergent if g, is not. Actually 4 = A_(«)
depends on the time step n, but usually the dependence is very small if we limit to
consider a small number of time steps (n of the order of a few tens at maximum and
M an order of magnitude less). Indeed, the n-dependence of 2 arise from the center of
mass dynamics (via the B matrix) while the fast time dependence of 1, and therefore the
behaviour of A p1,, can be ascribed to the much faster orientational dynamics. Therefore
in the previous equation we can safely consider A as independent of n and look for
a solution of the form:

Ay, ocy”. (25)
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The resulting algebraic equation in y (for y # 0)
M M
D) (—1)'"“<m)y“‘“=0 (26)
m=1

has M roots, let us say y, with k = 1,..., M. The homogeneous part of the solution for
A, is given by

M
Appe™ =} cyi 27

k=1

with ¢, constant to be determined.

Therefore, in the approximation of considering the eigenvalues of the matrix A,
nearly independent of the time step n, we can conclude that: in order to be the error not
divergent as the time goes by (n— o), one needs that |y, | < 1 for everyk =1,..., M and
for every eigenvalues A (1), a=1,...,3N.

Let us now find the y,’s. Eq. (26) can be rewritten as:

-\ i-1
(5 - @

Since the matrix A, = [B,]% and |B, || < 1, all its eigenvalues A,(x) have modulus less
than one. Therefore if we define

A—1
P—‘T (29

then Eq. (28) can be written as

(30)
—1\M ;
(——) =pe™—-i>0
and its solutions are
1
Ve = T giagn (31)
where
EA) 2nk
& (D= 4 + (32)

M M
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and

n if0<i<l
a“—{Oif—1<l<0 33)

Therefore the stability condition |y,}* < | can be written as:

1 + M) _ 2 oM o5, (1) > 1 (34)

or
'%1 > 2M cos(d, (D)™ 35)

By analysing the two possibilities, 1 > A > 0 and — 1 < 4 <0, from Eq. (35) one can
conclude that the stability is ensured if all the eigenvalues of the matrix A, satisfy the
condition: .

1 1

~ @ 1 <A T P cosm/M)™ (36)
Since the following relation holds for M > 1
2”1— =1 + 2“ccis(n/M)M’ 37
we write the stability condition as
i ’ (38)

< T+ 2%cos/M)™

where {1] is the maximum modulus among all the 3N eigenvalues.
If we denote with b the eigenvalue of B, with the maximum modulus, the procedure
will be not divergent if

bl =11l < (39)

1 4 2M cos(n/M)M
This last relation can be rewritten as a condition for € with |3| and M as parameters.

In(1 + 2™ cos(n/M)™)
In(1/}b})

% >%M,b)= (40)

In Figure 1 are shown the curves € = éM, 5) for various values of [b}([b] = 0.15,0.30,
0.45,0.60,0.75). For a given value of }b| the corresponding curve split the (¢ — M) plane
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Figure 1 Stability boundaries on (%,M) plane, see Eq.(40), for different values of the para-
meter (& =0.15,0.30, 0.45,0.60,0.75). The plane is divided in a stable (upper left) and unstable (lower right)
region. The solid curve (b = 0.45) has been evidentiated because this value is very close to proper one for
heavy water at room condition, to which the numerical test refers. Tests have been performed on the points
indicated with the squares (¢ = 2, M =4, 5,6) and diamonds (M = 6,4 = 2,4,6).

in two regions. In the upper-left side the iterative algorithm for the calculation of the
induced dipoles is predicted to be stable, while in the lower-right region it is unstable.
The points indicated with squares and diamonds refer to particular (¢ — M) couples
which are numerically investigated for testing Eq. (40), as discussed in the last section.

ACCURACY

When the stability condition, Eq. (40), is accomplished and the iterative procedure give
rise to finite errors at all the time steps, we are interested in the accuracy of the resulting
induced dipole, i.e. how far they are from the exact solution. For this purpose, let us
define the mean instantaneous error, 1,

1. = [Ap," Ap,]"%, (41)

1 N
n= /7 Zln.f=\/<n.?>

its time average, 1,

(42)
and the corresponding mean relative errors,
n

= Gp T “

L (44)

el



19: 23 14 January 2011

Downl oaded At:

290 G. RUOCCO AND M. SAMPOLI
Of course these errors are functions of M and €, as well as of the characteristics of the
physical system we are studying through the matrix B,
The unitarity of the G matrix implies that
and from Eq. (15) we have
Aj, =D (> — i,); (46)

then by inserting the previous expression for A, in Eq. (45) we get

Ap, AP, =Y A3 (@)lu (@) — pua(@)f. (47)

To estimate an upper_bound of ,, all the eigenvalues A(a) are substituted with the
maximum eigenvalue 4,

Ap,Bp, <7 L)~ (o)l = PRI (48)
By using the expression of the initial guess, Eq. (13),

Ap,Ap, <T2|p,— ”"'“( )”f)"'

i
>
9
3
!
n Mi
!
T
-
/—\
\_/

< | M (M
=12 MZ:O( 1) l<m>p,,_m (49)
then
- M M 2
ean £ (2
72 - m+m M M - =
_l m‘,;:o(_l) m m' <pn—m pn—m’>' (50)

If we introduce the normalized time autocorrelation function of the exact induced
dipole moments, p,;:

<ﬁn‘ﬁn—m> (51)

Corlm =517
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then, since 4 = b*%, Eq. (50) can be rewritten as

M
2<b* Y (—pmt (1:"4 ) (f ) C,,(m—m) (52)
mm =0

We need to study the sum in Eq. (52) to get information on the accuracy. The classical
autocorrelation C ,(t) is an even function of time and can be developed in an even Mac
Laurin power series,

t2k d2k . t2k
C,,() =§:(—27).'[W‘ C,,,,(t)lzo = ;(— 1) wgﬂc (53)

where Q, is the k-th spectral moment of o) »p(@), the Fourier transform of C, (1). If we
substitute the previous expression in terms of A ¢ units, i.e.

A t2k
C”(m - m') = Z(— l)k W sz(m —m’)Zk, (54)
3 !
in Eq. (52) we obtain:
- A t2k
g szg;mQZkaM(Zk) (55)
where the quantity 7,,(k) is defined as
M S M\ /M
k)= 3 (~p)m (m)(m,)(m—m')" (56)
mn =0

In the appendix it is shown that a,,(k) =0 for k < 2M, while at the lowest order in
At(k =2M) it results g,,(2M) = (— 1)¥(2M)!. Finally we have:

2 <b*Q,, At*M + O(A1M*?) (57

It is worth to note that the mean realtive error is maximized by a quantity which is
proportional to the M-th power of the time step and to the 2% of maximum eigenvalue
of the B matrix, as well as to the 2M-th spectral moment of the induced dipole
autocorrelation function.

In order to clarify the meaning of Eq. (57), let us suppose that the time evolution of
p(t) was controlled by a well-defined frequency, say w,, then

e<b¥(w,A)M (58)

expresses ¢ as a function of some characteristics of the fluid under investigation
(b and w,) as well as of the parameters of the MD run (A t, Me%). On the other hand, if
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the correlation function C,(t) was pure exponential in time,
— =t
C,p(t)=e " (59)

then we would get

’ - t)im —m'| (_ l)k At * 4
C,,(m—m)=e 4/ '=§ o\ tm —m'|* (60)
with even as well odd power terms in At. As a consequence in the expression for
C,,(m—m’) as function of a,,(k), also terms like ¢},(k) would appear:

b= 3 (=1 () (2 im— 1

mm=0

which are non vanishing for odd k value, and in particular for k = 1. The dominant
term in At in the expression of ¢ results to be

ex~b* |—. (62)

It is worth to note that the Eq. (62) is independent of M: the “absence” of memory in
a pure exponential autocorrelation function makes useless a predictive scheme for the
initial guess p'.

WORKING POINT DETERMINATION

Equation (40) states a condition to be satisfied from the couple of free parameters € and
M to ensure the stability of the iterative solutions to the electrostatic problem (when the
initial guess, p!”, is evaluated via the extrapolation scheme given by Eq. (13)). On the
other hand, the accuracy in the evaluation of the induced dipole moments is related to
Eq.(58) and depends on the same two free parameters and MD time step. The
characteristics of the system enter in Eq. (40) through b, the maximum eigenvalue of the
matrix B, and in Eq. (58) through b and w,, the typical frequency of the induced dipole
autocorrelation function.

When we want to use the proposed procedure in MD runs of a specific system, the
time step At is determined by other conditions related to the fastest dynamics but not
strictly connected to the electrostatic problem. Then the choice of € and M will be
optimized when the required accuracy is obtained with the minimum cost of CPU time.
Since the CPU time for iterative procedures is proportional to the number € of
iteration, € has to be as little as possible. On the contrary M does not enter appreciably
in the determination of the CPU time, but large values of M would require large values
of & in agreement with the stability Eq. (40).
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The previous considerations indicate that the most convenient working point in the
(%, M) plane is close to the intersection of the two curves, see Egs. (40) and (58).

e =b*(w, At (63)
1 =b%(1 + 2™ cos™ (n/M)) (64)

and lies in the stability region (see Fig. 2).

Of course in order to apply this analysis to a real system, estimates of the quantities
b and w, are required. An estimate of w, can be drawn easily from experimental data
(e.g. from the dielectric relaxation or infrared absorption) and it does not deserve more
discussion. On the contrary the quantity b is not usually known. In the next section we
will discuss how we can estimate it by determining the eigenvalue spectrum of B.

DETERMINATION OF THE EIGENVALUES b(x)

We will face the calculation in two distinct way. From one side we will diagonalize the
B matrix build up with the output of the MD run. This “experimental” way supplies
“exact” eigenvalues for a particular thermodynamic state, but it does not give us
information on the peculiarities of the dynamic system which are determining the
eigenvalue spectrum. The second “a priori” way will make use of the center of mass pair
correlation function g(r), a primary feature of the system, to estimate the eigenvalue

10-.u T .l;\-' ™ |\vvar\l1| T ..rl.\. .1:
C I ]
o[- \ \ 3
: \ \ \ ]
6:— \Unstable_i
: \ AN
4_ p—
[ b =045 \ \ ]
2:_w°At= \ \ _:
E 10710 10-1* 1
V] 2 4 8 8 10 12

Figure 2 Separation of stable and unstable regions for B =045 (full line). Broken lines are the iso-precision
loci for different ¢ values (¢ =10"¢---107%) in the particular case of b =0.45 and w,At =0.1. For a given
precision the best working point is that with the lowest (integer) € in the stability region and in the upper right
side of the iso-precision curve.
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spectrum. The reliability of this last method is validated by comparison with the direct
evaluation of the eigenvalues from MD runs.

As an example, we will use the MD runs performed with 500 TIP4P [6] heavy water
molecules at normal room condition (T=310K and p = 1.11 gcm~3). About 200
configurations are stored every 0.3ps (200 steps). From each configuration we
calculate the center of mass g(r) and the B matrix to be diagonalized.

Estimate of b in the Limit of Total s correlation

In the case the elements of a given matrix B verify the following relations:
B,xl-9,
2.B,,=0 (65)
nv

Y B2, =3Ng?
uv

and the elements off-diagonal are random gaussian variables then following Wigner
[22] the distribution of the eigenvalues of B is symmetric with respect to zero, is
semicircular and the modulus of the maximum eigenvalues is equal to 2¢.

In the present case, with B = aT®, the previous relation can be written as

a[TP 1y, 1—6,;5,,

2} > Y [TH1,,=0 (66)

i i By
a2 (TP, =3Na*
i i By

These first three relations are verified: the first one indicate that there are no self
polarization of a molecule, the second one depend on the isotropy of the system and the
third one is a definition of ¢. Of course the condition on the randomness of the
off-diagonal elements is not accomplished, because of the correlation between different
molecules. However we will see in the next subsection that this will not introduce
a large uncertainty in the evaluation of the maximum eigenvalue.

Let us then suppose that:

bl =26 (67)
where ¢ is explicity defined in Eq. (66), e.g.

1 1 ] e T e
A Budi” v jJ 7 AN b4
¢ 3N @ 2 |ri;I6 z [ l j‘|2 ] (68)

ij Wil gy T
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In an isotropic system, on average,

3rg 7y v — 11205, I
Bl " v,JJ il By | —
ﬁzy: [ Irjj'|2 } 6 (69)
then
2 1 1
o’=—a?) —= Snazpjdrg(r)— (70)
N 5 'r'.jl6 r¢

For sake of simplicity we define an dimensionless quantity y as:
8 1
=— jdrg(r) = (71)
p r

then
bl = 2xap (72)

In the case of heavy water at room condition we get y = 4.6 by numerical integration
of Eq. (71) with the g(r) obtained from the MD output. Therefore, by using a = 1.44 43
and p = 3.34-10"2 473, we obtain [b| = 0.44.

Diagonalization of B

From a direct diagonalization of 200 replica of the B matrix, we obtain the eigenvalues
distribution shown in Figure 3.

As can be seen the distribution is far from to be symmetric and semicircular, because
of the correlations between the molecular centers which make loose the the Wigner
hypothesis on the randomness of the out diagonal elements of the B matrix. However
the extreme eigenvalues, b, ;. = —0.5 and b_,, = 0.38, are not too far from + 0.44
which have been estimated through the Wigner hypothesis.

We can conclude that the value of the parameter b derived from the center of mass

pair correlation function, see Egs. (71) and (72), is a reasonable estimate of the real one.

NUMERICAL TEST AND CONCLUSION

In this section we report the numerical results obtained from a computer simulation of
polarizable heavy water as a check for the validity of the previously reported prediction
for the stability and for the precision achieved in the calculation of the induced dipoles
in the framework of an iterative algorithm for the solution of the self consistent
electrostatic problem.

All the details of the MD algorithm and adopted interaction potential have been
reported in Ref. [1]. Here we want mention only that the parameters of the potential
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Figure 3 Distribution of the eigenvalues of the B matrix, for TIP4P heavy water at room condition,
obtained by direct diagonalization of 200 statistically independent configurations. The maximum absolute
eigenvalue results to be |b] ~0.5.

are not optimized for real water. All the results shown hereafter refer to a sample of 500
heavy “water” molecules at T= 310K and p = 1.11 gcm 3, with a timestep At = 1fs.

In Figure 4 we have reported the mean relative error ¢, see Eq. (44), as a function of
% for various values of M(M =0,...,6). The diamonds represent the values of

o 1 i L3 L) Ll Ll T T Ll L T L T
1% = | T I ]
€ 3 o
14 ° 4
-3 b © -]
10 § o =2 ° 2 -
* o
4 : o2 k
| 8 _¢ 4
1076 |- 3 —
R 0o A
5 1 4
1079 2
3
- 5 -4
- 1
10—12 1 1 L 1 l i 2 1 1 l 1 " " 1 l A
0 5 10 15
c

Figure4 Computed relative mean errors, from MD simulation of a polarizable model of heavy water, in
logarithmic scale (¢) as a function of € for different values of M(M =0,.. ., 6). The full lines are the best fits,
performed on the points with € > 10, to log(g) = conts + a(M)¥. a(M) results to be independent of M and
equal to — .35.
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¢ averaged over 100 timestep. Th “exact” induced dipoles have been assumed to be
P, = p¥=29. The full line reported in Figure 4 are the best fits obtained with a linear
behaviour of log(¢) vs. ¥ for each independent value of M. The following consideration
hold:

Following Eq. (57) log(e) =log(Q,,) + € log(|b). This log(e) vs. € relation is
verified, at least for high 4 values, as shown if Figure 4.

The |5| value calculated from the shape of the full lines is IEI =045, in good
agreement with the values estimated in the previous section.

As predicted from Eq. (57) the slope of the full lines is independent of M, only the
constant term log(2,,,) is dependent on M.

On going from Eq. (57), to Eq. (63) we supposed that Q,,, = (w,At)™, and there-
fore that log(e) = M log(w,At) +‘€log(|5| ). This result is not verified from the
present calculation. Indeed the spacing between the different full line, belonging to
different M values, are not constant and tend to vanish for high M indicating that:
1) Q,, = (w,A1) is a poor approximation and ii) for high M the precision of the
algorithm become independent of M, which is what we expect in the case of a fast
memory decay.

In Figures Sa and 5b have reported the time evolution of ¢, the instantaneous mean
relative error on the induced dipoles for different couples of the parameters (¢, M). The
points corresponding to the couples reported on Figure 5a (¥ =2,M =4,5,6) are
indicated as squares in Figure 1. From Eq. (64) and Figure 1 we expect to be in a stable
region for M =4 and in an unstable region for M =5 and 6. These behaviours are

3 Ll T L T L T L)
10 ¥ T T T I L) T LE ﬁl L} L] 1 L) I I
e | - oo ]
- 0=2 Mm8 o0 M=5 et .
Ao . .0
100 — ol -
o~ o’ -
- e ..'... -
1073 - - -’ Mes —
o* ..".
o o
- ..OI ....c. -
o (] ...“ -
o o
1076 |- R
! .
Y P I S S
0 20 40 60 80 100
t (fs]

Figure S5a Time evolution of ¢, for three € and M values, namely ¥ =2 and M =4, 5,6. Only M = 4 results
to be stable, as predicted by Eq. (40). In the cases M = 5 or M = 6 the unstability is so large that after a few
tens of time steps the calculated induced dipoles differ from the real ones by more than 100%.
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Figure 5b The same as for Figure 5a in the cases M = 6, € = 2,4, 6. Unstability is expected for € = 2 and

€ =4

confirmed by Figure 5a; the ¢, remain finite for M =2 while it is growing in time
for M =5,6.

A similar situation is found for the points in the (¢, M) plane reported in Figure 5b,
diamonds in Figure 1, ie. M =6, ¥ = 2,4, 6. The algorithm is stable for € = 6 while
unstable for € = 2 and 4. Moreover one can also notes that the rate of growth of log(e,)
increases with the distance of the (C, M) point from stability region. Indeed the
divergence at ¢ = 6, M = 6 is much higher than that for € = 4, M = 6, the latter point
being nearer to the stability region than the former one.

In conclusion we have shown that two simple equations, Eqgs. (63) and (64), can be
used to determine the best choice of the parameters to be used in MD simulation of
polarizable fluids. These equations require only an estimate of some characteristics
of the system under investigation. We have also shown a way to estimate these
characteristics.

APPENDIX

We want to study the property of the sum
M (MM ,
"M"‘)Z,MZ:(,(‘”””<m>(m'>"”"")" (73)

for all k-values such that k <2 M. First of all let us to define the function f,,(x):

M
fud= Y (—1)'"+"“(M)(M,)e‘*‘""""

mm=0 m m
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s m M —xm o m M xm'
=20 ( e 8 oe()e

=1 —e M1 —e)™ = 2M(1 — ch(x))™ (74)

In the x — 0 limit,

S0 = (= DH2M + O(x2M*2)

therefore for k <2M

- d*fyx) {(—I)M(ZM)! if k=2M s)

lim = .
ro  dX 0 otherwise

On the other side we see that, if we expand the exponential appearing in the first row of
Eq. (74) the function f,,(x) can be written in term of o, (k):

M 1\
= 5 Camm(M) ) tn -y

mm' =0 m m n
— < (_ 1)" n d ’ m+m M M r\n
—ugo n! * m.mz'=0(_1) (m><m,)(m_m)
© (1)
=";0%x»%(n). (76)

By exploiting the derivatives of both sides of Eq. (76) we find that g,,(k) = 0fork <2 M,
being the first non zero value ¢,,2M) =(— DHM(2M)!.
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